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NUCLEAR PSEUDO-DIFFERENTIAL OPERATORS IN BESOV
SPACES ON COMPACT LIE GROUPS
DUVA´N CARDONA
Abstract. In this work we establish the metric approximation property for
Besov spaces defined on arbitrary compact Lie groups. As a consequence
of this fact, we investigate trace formulae for nuclear Fourier multipliers on
Besov spaces. Finally, we study the r-nuclearity, the Grothendieck-Lidskii for-
mula and the (nuclear) trace of pseudo-differential operators in generalized
Ho¨rmander classes acting on periodic Besov spaces. We will restrict our atten-
tion to pseudo-differential operators with symbols of limited regularity.
MSC 2010. Primary 47B10, 46B28; Secondary 22E30, 47G30.
1. Introduction
It was reported by H. Feichtinger, H. Fu¨hr and I. Pesenson in [21] (see also
references therein) that there exist many real life problems in signal analysis and
information theory which would require non-euclidean models. These models in-
clude: spheres, projective spaces and general compact manifolds, hyperboloids
and general non-compact symmetric spaces, and finally various Lie groups. In
connection with these spaces it is important to study approximation theory, space-
frequency localized frames, and Besov spaces, on compact and non-compact man-
ifolds. Motivated by these facts, in this paper we prove the approximation prop-
erty of Grothendieck for Besov spaces defined on general compact Lie groups.
This property is of geometric nature and has important consequences in the
theory of nuclear operators on Banach spaces [22]. Consequently, by using the
aproximation property on Besov spaces we investigate the r-nuclearity of global
pseudo-differential operators on such spaces. This is possible if we take under
consideration the formulation of Besov spaces reported by E. Nursultanov, M.
Ruzhansky and M. Tikhonov in [38], in the context of matrix-valued (or full)
symbols of global pseudo-differential operators developed by M. Ruzhansky and
V. Turunen in terms of the representation theory of compact Lie groups [40].
In order to formulate our work we precise some definitions as follows. Through
the work of A. Grothendieck and others methods in spectral theory, the theory of
nuclear operators on Banach spaces has attracted much interest in the literature
during the last fifty years, due to its applications in the problem of distribution
Key words and phrases. Besov spaces, nuclear trace, pseudo-differential operator, compact
Lie group, approximation property.
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of eigenvalues. Let us consider E and F be two Banach spaces and let 0 < r ≤ 1.
Following A. Grothendieck [22], Chapter II, p. 3, a linear operator T : E → F is
r-nuclear, if there exist sequences (e′n)n in E
′ (the dual space of E) and (yn)n in
F such that
Tf =
∑
n
e′n(f)yn (1.1)
and ∑
n
‖e′n‖
r
E′‖yn‖
r
F <∞. (1.2)
The class of r−nuclear operators is usually endowed with the quasi-norm
nr(T ) := inf

{∑
n
‖e′n‖
r
E′‖yn‖
r
F
} 1
r
: T =
∑
n
e′n ⊗ yn
 (1.3)
and, if r = 1, n1(·) is a norm and we obtain the ideal of nuclear operators. When
E = F is a Hilbert space and r = 1 the definition above agrees with the concept
of trace class operators. For the case of Hilbert spaces H , the set of r-nuclear
operators agrees with the Schatten-von Neumann class of order r (see [34]).
The purpose of this paper is thus the study of the r-nuclearity of global pseudo-
differential operators defined on Besov spaces in compact Lie groups [40], these
operators can be defined as follows: let us assume that G is a compact Lie group
and denote by Ĝ its unitary dual, i.e. the set of equivalence classes of all strongly
continuous irreducible unitary representations of G. If T is a linear operator
from C∞(G) into C∞(G) and ξ : G → U(Hξ) denotes an irreducible unitary
representation, we can associate to T a matrix-valued symbol a(x, ξ) ∈ Cdξ×dξ
(see (2.2)) satisfying
Tf(x) =
∑
[ξ]∈Ĝ
dξTr[ξ(x)a(x, ξ)(Ff)(ξ)], (1.4)
where in the summations is understood that from each class [ξ] we pick just one
representative ξ ∈ [ξ], dξ = dim(Hξ) and (Ff)(ξ) is the Fourier transform at ξ :
(Ff)(ξ) := f̂(ξ) =
∫
G
f(x)ξ(x)∗dx ∈ Cdξ×dξ . (1.5)
We are interested in the problem of the (nuclear) trace and trace formulae for
r-nuclear pseudo-differential operators acting on Besov spaces defined in compact
Lie groups as in [40]. There are several possibilities, concerning the conditions
to impose on a symbol a(x, ξ), in the attempt to establish the r-nuclearity of the
corresponding operator Ta on Lebesgue spaces defined in compact Lie groups.
This problem was considered by J. Delgado and M. W. Wong (c.f. [9]) in the
commutative case of the torus Tn. To the best of our knowledge, this is the first
work on the nuclearity and 2
3
-nuclearity of pseudo-differential operators on the
torus.
It is a well known fact that the approximation property on a Banach space is
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required to define the nuclear trace [34]. A Banach space E is said to have the
approximation property if for every compact subset K of E and every ε > 0 there
exists a finite bounded operator B on E such that
‖x− Bx‖ < ε, for all x ∈ K. (1.6)
On such spaces, if T : E → E is nuclear, the (nuclear) trace is defined by
Tr(T ) =
∑
n
e′n(yn), (1.7)
where T =
∑
n e
′
n⊗yn is a representation of T. If in the definition above ‖B‖ ≤ 1,
one says that E has the metric approximation property. It is well known that ev-
ery Lp(µ) space with 1 ≤ p <∞ satisfies the approximation property. However,
there exist Banach spaces which does not satisfy the approximation property. A
counterexample to the statement that every Banach space E has the approxima-
tion property was given early by P. Enflo in [20]. Enflo shows that there exists a
separable reflexive Banach space with a sequence Mn of finite dimensional sub-
spaces with dim(Mn) → ∞, and a constant c such that for every operator T of
finite rank, ‖T − I‖ ≥ 1 − c‖T‖/ log(dimMn). We refer the reader to [4] for a
work on subspaces of l2(X) without the approximation property. A remarkable
result due to A. Grothendieck shows that for every 2
3
-nuclear operator T acting
on a Banach space E, the (nuclear) trace Tr(T ) is well defined, the system of its
eigenvalues is absolutely summable and the (nuclear) trace is equal to the sum of
the eigenvalues (see [22], chapter II).
The r-nuclearity of operators give rise to results on the distribution of their eigen-
values (see [24]). This fact and the notion of spectral trace has been crucial in the
study of spectral properties of nuclear operators arising in many different contexts
and applications, such as the heat kernel on compact manifolds, the Fox-Li oper-
ator in laser engineering and transfer operators in thermodynamics (see [3, 7, 32].)
In this paper, which is based on the recent formulation of Besov spaces Bwp,q(G)
on compact Lie groups given in [38], we prove that these spaces have the metric
approximation property for w ∈ R, 1 ≤ p < ∞ and 1 ≤ q ≤ ∞. Consequently,
we derive a trace formula for r-nuclear operators in these spaces and, by using the
compact Lie group structure of the n-dimensional torus Tn, we prove some suf-
ficient conditions for the r-nuclearity of periodic pseudo-differential operators on
Besov spaces. The results are applied to study the corresponding trace formula of
Grothendieck-Lidskii, which shows that the nuclear trace of these operators coin-
cides with the spectral trace defined as the sum of eigenvalues. Similar results in
the literature, on the r-nuclearity in Lp-spaces for pseudo-differential operators
defined on compact Lie groups or on compact manifolds, can be found in the re-
cent works of J. Delgado and M. Ruzhansky [9, 11, 13, 14] and references therein.
The reference [19] consider the r-nuclearity of operators on manifolds with bound-
ary. Mapping properties of pseudo-differential operators in Besov spaces defined
on compact Lie groups can be found in [8].
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There exist several recent works about the approximation property. In func-
tion spaces on euclidean domains as Lebesgue spaces with variable exponent, the
space of functions of bounded variation, Sobolev spaces W 1,1, modulation spaces,
Wiener-Amalgam spaces, and holomorphic functions on the disk, we refer the
reader to [2, 6, 16, 17, 18, 27, 37]. Recent works on the approximation property
for abstract Banach spaces can be found in [1, 25, 26, 28, 29, 30]. For a historical
perspective on the approximation property we refer the reader to A. Pietsch [35].
We now describe the contents of the paper in more detail. In Section 2, Theorem
2.2, we present the metric approximation property for Besov spaces on compact
Lie groups and some results are proved with respect to the r-nuclearity of Fourier
multipliers. In Section 3, Theorem 3.3 and results therein provide sufficient con-
ditions for the r-nuclearity of pseudo-differential operators acting on Besov spaces
on the torus. Finally, in sections 4 and 5, we establish trace formulae for r-nuclear
periodic pseudo-differential operators on Besov spaces and specific periodic op-
erators as negative powers of the Bessel potential and the heat kernel on the
torus.
2. The metric approximation property for Besov spaces and
nuclearity of Fourier multipliers in Compact Lie groups
In this section we prove the metric approximation property for Besov spaces
and we use this notion with the goal of investigate the nuclear trace of operators
on Besov spaces. For the analysis on compact Lie groups, we refer the reader to
[40, 41]. See also [39] for a concise review of the theory on compact Lie groups.
For the proof of the approximation property we use the following lemma (see e.g.
[34]):
Lemma 2.1. A Banach space E satisfies the metric approximation property if,
given f1, f2, · · · , fm ∈ E and ε > 0 there exists an operator of finite rank B on E
such that ‖B‖ ≤ 1 and
‖fi − Bfi‖ < ε, 1 ≤ i ≤ m. (2.1)
Let us consider a compact Lie group G with unitary dual Ĝ that is, the set of
equivalence classes of all strongly continuous irreducible unitary representations
of G.We will equip G with the Haar measure µG and, for simplicity, we will write∫
G
f(x)dx for
∫
G
fdµG, L
p(G) for Lp(G, µG), etc. The following equalities follow
from the Fourier transform on G
f̂(ξ) =
∫
G
f(x)ξ(x)∗dx, f(x) =
∑
[ξ]∈Ĝ
dξTr(ξ(x)f̂(ξ)),
and the Peter-Weyl Theorem on G implies the Plancherel identity on L2(G),
‖f‖L2(G) =
∑
[ξ]∈Ĝ
dξTr(f̂(ξ)f̂(ξ)
∗)
 12 = ‖f̂‖L2(Ĝ).
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Notice that, since ‖A‖HS = Tr(AA
∗), the term within the sum is the Hilbert-
Schmidt norm of the matrix A. Any linear operator Ta on G mapping C
∞(G)
into D′(G) gives rise to a matrix-valued global (or full) symbol a(x, ξ) ∈ Cdξ×dξ
given by
a(x, ξ) = ξ(x)∗(Aξ)(x), (2.2)
which can be understood from the distributional viewpoint. Then it can be shown
that the operator A = Ta can be expressed in terms of such a symbol as
Taf(x) =
∑
[ξ]∈Ĝ
dξTr[ξ(x)a(x, ξ)f̂(ξ)]. (2.3)
We introduce Sobolev and Besov spaces on compact Lie groups using the Fourier
transform on the group G as follows. There exists a non-negative real number λ[ξ]
depending only on the equivalence class [ξ] ∈ Gˆ, but not on the representation
ξ, such that −LGξ(x) = λ[ξ]ξ(x), where LG is the Laplacian on the group G
(in this case, defined as the Casimir element on G). If we denote by 〈ξ〉 the
function 〈ξ〉 = (1 + λ[ξ])
1
2 , for every s ∈ R the Sobolev space Hs(G) on the Lie
group G is defined by the condition: f ∈ Hs(G) if only if 〈ξ〉sf̂ ∈ L2(Ĝ). The
Sobolev space Hs(G) is a Hilbert space endowed with the inner product 〈f, g〉s =
〈(I − LG)
s
2 f, (I − LG)
s
2 g〉L2(G), where, for every s ∈ R, (I − LG)
s
2 : Hr → Hr−s
is the bounded pseudo-differential operator with symbol 〈ξ〉sIξ. Now, if w ∈ R,
0 < q ≤ ∞ and 0 < p ≤ ∞, the Besov space Bwp,q(G) is the set of measurable
functions on G satisfying
‖f‖Bwp,q :=
 ∞∑
m=0
2mwq‖
∑
2m≤〈ξ〉<2m+1
dξTr[ξ(x)f̂(ξ)]‖
q
Lp(G)
 1q <∞. (2.4)
If q =∞, Bwp,∞(G) consists of those functions f satisfying
‖f‖Bwp,∞ := sup
m∈N
2mw‖
∑
2m≤〈ξ〉<2m+1
dξTr[ξ(x)f̂(ξ)]‖Lp(G) <∞. (2.5)
A recent work on Besov spaces defined on homogeneous compact manifolds can
be found in [38]. In the following theorem we present the metric approximation
property for Besov spaces defined on arbitrary compact Lie groups.
Theorem 2.2. Let G be a compact lie group. If 1 ≤ p < ∞, 1 ≤ q ≤ ∞ and
w ∈ R, then the Besov space Bwp,q(G) satisfies the metric approximation property.
Proof. First, we will prove the metric approximation property for Bwp,q(G). If
1 ≤ p, q <∞, Bwp,q(G) is a Banach space. Let us consider f1, f2, · · · , fm ∈ B
w
p,q(G).
Then, by definition of Besov norm
‖fi‖
q
Bwp,q
=
∞∑
s=0
2swq‖
∑
2s≤〈ξ〉<2s+1
dξTr[ξ(x)f̂i(ξ)]‖
q
Lp <∞. (2.6)
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Let us consider the operator TN on B
w
p,q(G) defined by
SNf(x) :=
∑
〈ξ〉≤N
dξTr(ξ(x)f̂(ξ))
=
∑
〈ξ〉≤N
dξ∑
i,j=1
dξξij(x)f̂(ξ)ji,
where the summation is understood that from each class [ξ] we pick just one
representative ξ ∈ [ξ]. Clearly, for every N the operator SN has finite rank.
Moreover,
Rank(SN) = span{ξi,j(x) : 1 ≤ i, j ≤ dξ, 〈ξ〉 ≤ N}. (2.7)
Now, let TN = ‖SN‖
−1SN . Clearly, ‖TN‖ = 1 for every N. On the other hand,
TN is a Fourier multiplier with matrix valued symbol
σN (ξ) = ‖SN‖
−1χ{ξ:〈ξ〉≤N}Idξ
where Idξ is the matrix identity on C
dξ×dξ . We observe that
‖fi − TNfi‖
q
Bwp,q
=
∞∑
s=0
2swq‖
∑
2s≤〈ξ〉<2s+1
dξTr[ξ(x)(f̂i(ξ)− σN (ξ)f̂i(ξ)]‖
q
Lp
Using the fact that SN converges in the operator norm to the identity operator on
Bwp,q we have limN ‖SN‖ = 1. Observing that limN→∞ χ{ξ:〈ξ〉≤N}(η) = 1, [η] ∈ Ĝ,
and by using the convergence dominated theorem we obtain
lim
N→∞
‖fi − TNfi‖
q
Bwp,q
= 0.
So, if ε > 0 is given, for every i there exists Ni such that, if N ≥ Ni then
‖fi − TNfi‖Bwp,q < ε.
Thus, if
M = max{Ni : 1 ≤ i ≤ m}
we have ‖TM‖ = 1 and ‖fi−TMfi‖Bwp,q < ε for 1 ≤ i ≤ m. So, by applying Lemma
2.1, Bwp,q(G) has the metric approximation property for w ∈ R, 1 ≤ p < ∞ and
1 ≤ q ≤ ∞. The result for q =∞ has an analogous proof. 
Now, we investigate the nuclear trace of Fourier multipliers on compact Lie
groups. The following theorem will be an useful tool in order to establish the r-
nuclearity of operators in Besov spaces. (An analogous result on Sobolev spaces
has been proved in [12], Theorem 3.11).
Theorem 2.3. Let G be a compact Lie group, 0 < r ≤ 1, 1 ≤ p < ∞ and
1 ≤ q ≤ ∞. Let us consider Ta : C
∞(G) → C∞(G) be a Fourier multiplier with
matrix valued symbol a(ξ). The following two announcement are equivalent.
• (1) Ta extends to a r-nuclear operator from B
w0
p,q(G) into B
w0
p,q(G) for some
w0 ∈ R.
• (2) Ta extends to a r-nuclear operator from B
w
p,q(G) into B
w
p,q(G) for all
w ∈ R.
In this case, the nuclear trace of Ta is independent of the index w ∈ R.
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Proof. It is clear that (2) implies (1). Now, we will prove that (1) implies (2).
Let us assume that w,w0 ∈ R, w 6= w0 and Ta : B
w0
p,q(G)→ B
w0
p,q(G) is r−nuclear.
The operators (I − LG)
w0−w
2 : Bw0(G) → Bw(G) and (I − LG)
w−w0
2 : Bwp,q(G) →
Bw0p,q(G) are both an isomorphism of Besov spaces. By considering that the class
of r-nuclear operators is an ideal on the set of bounded operators, the following
factorization of Ta :
Ta = (I − LG)
w0−w
2 ◦ Ta ◦ (I − LG)
w−w0
2 : Bwp,q(G)→ B
w
p,q(G)
shows that Ta from B
w
p,q(G) into B
w
p,q(G) is r-nuclear. In the factorization above
we have used that Ta is a Fourier multiplier. Now, we will prove that the spectral
trace of Ta is independent of w. In fact, let us consider a nuclear representation
of Ta : B
w0
p,q → B
w0
p,q:
Taf =
∑
n
e′n(f)yn
where (e′n)n ⊂ (B
w0
p,q)
′ and (yn)n ⊂ B
w0
p,q are sequences satisfying∑
n
‖en‖
r
(B
w0
p,q)′
‖yn‖
r
B
w0
p,q
<∞.
By Theorem 2.2 the space Bw0p,q(G) has the approximation property and the nu-
clear trace of Ta is well defined. Since
Taf = (I − LG)
w0−w
2 ◦ Ta ◦ (I − LG)
w−w0
2 f
=
∑
n
[e′n ◦ (I − LG)
w−w0
2 (f)](I − LG)
w0−w
2 (yn)
and∑
n
‖e′n ◦ (I −LG)
w−w0
2 ‖r(Bwp,q)′‖(I − LG)
w0−w
2 (yn)‖
r
Bwp,q
≤
∑
n
‖(I −LG)
w−w0
2 ‖B(Bwp,q ,B
w0
p,q)
‖(I − LG)
w0−w
2 ‖B(Bw0p,q ,Bwp,q)‖en‖
r
(B
w0
p,q)′
‖yn‖
r
B
w0
p,q
= ‖(I −LG)
w−w0
2 ‖B(Bwp,q ,B
w0
p,q)
‖(I −LG)
w0−w
2 ‖B(Bw0p,q ,Bwp,q)
∑
n
‖en‖
r
(B
w0
p,q)′
‖yn‖
r
B
w0
p,q
<∞,
we obtain that the nuclear trace of Ta : B
w
p,q → B
w
p,q is given by
Tr(Ta) =
∑
n
e′n ◦ (I −LG)
w−w0
2 ◦ (I − LG)
w0−w
2 (yn) =
∑
n
e′n(yn),
which is the nuclear trace of Ta : B
w0
p,q → B
w0
p,q. Thus, we end the proof. 
As an application of Theorem 2.3, we obtain the following Theorem on the
r-nuclearity and the r-nuclear trace of Fourier multipliers on Bwp,q(G). In order
to present our theorem, we recall the following notation for the lr-seminorm of
matrices A ∈ Cd×d,
‖A‖rlr =
∑
1≤i,j≤d
|aij|
r, 0 < r ≤ 1,
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and we define the following function,
ε(t) =
1
2
, 1 < t ≤ 2, and ε(t) =
1
t
, t ≥ 2, (2.8)
which arises of natural way in Lp-estimates of the entries ξij of representations
[ξ] ∈ Ĝ. In fact, for 1 ≤ p ≤ ∞, ‖ξij‖Lp(G) ≤ d
−ε(p)
ξ . (See, Lemma 2.5 of [11]).
Theorem 2.4. Let G be a compact Lie group, n = dim(G), 0 < r ≤ 1 and
Ta : C
∞(G) → C∞(G) be a operator with matrix valued symbol a(ξ). Under
almost one of the following conditions
(1). 1 < p < q <∞ and∑
[ξ]∈Gˆ
〈ξ〉n(
1
p
− 1
q
)r‖a(ξ)‖rlrd
1+r(1−ε(p)−ε(q′))
ξ <∞.
(2). 1 ≤ p <∞, q = 1 and∑
[ξ]∈Gˆ
〈ξ〉
nr
p ‖a(ξ)‖rlrd
1+r(1−ε(p))
ξ <∞.
(3). 1 < p = q ≤ 2 and ∑
[ξ]∈Gˆ
‖a(ξ)‖rlrd
1+r( 1
p
− 1
2
)
ξ <∞.
(4). 2 = q ≤ p <∞ and∑
[ξ]∈Gˆ
‖a(ξ)‖rlrd
1+r( 1
2
− 1
p
)
ξ <∞.
The operator Ta : B
w
p,q → B
w
p,q extends to a r-nuclear operator for all w ∈ R.
Moreover, the nuclear trace of Ta is given by
Tr(Ta) =
∑
[ξ]∈Ĝ
dξTr[a(ξ)]. (2.9)
Proof. Let Ta be the Fourier multiplier given by
Taf(x) =
∑
[ξ]∈Ĝ
dξTr[ξ(x)a(ξ)(Ff)(ξ)]. (2.10)
We observe that
Tr[ξ(x)a(ξ)(Ff)(ξ)] =
dξ∑
i,j.k=1
ξ(x)i,ja(x, ξ)j,k(Ff)(ξ)k,i.
Then, we can write
Taf(x) =
∑
[ξ],i,j,k
Hξ,i,j,k(x)Gξ,i,j,k(f) (2.11)
where
Hξ,i,j,k(x) = dξξ(x)ija(ξ)i,k, Gξ,i,k(f) = f̂(ξ)ki, 1 ≤ i, j, k ≤ dξ.
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Let us assume that 1 < p, q <∞. We will prove that Ta : B
w
p,q(G)→ B
w
p,q(G) is a
r-nuclear in every case above by showing that
∑
[ξ]∈Gˆ
dξ∑
i,j,k=1
‖Hξ,i,j,k‖
r
Bwp,q
‖Gξ,i,j,k‖
r
(Bwp,q)
′ <∞. (2.12)
Later, considering the Theorem 2.3 we deduce the nuclearity of Ta on B
w
p,q for
every w ∈ R. First we estimate the Besov norm ‖Hξ,i,j,k‖Bwp,q as follows:
‖Hξ,i,j,k‖
q
Bwp,1
=
∞∑
s=0
2swq
∥∥∥∥∥∥
∑
2s≤〈η〉<2s+1
dηTr[η(x)Ĥξ,i,j,k(η)]
∥∥∥∥∥∥
q
Lp
=
∞∑
s=0
2swq
∥∥∥∥∥∥
∑
2s≤〈η〉<2s+1
dηTr[η(x)
∫
G
η(y)∗dξξ(y)ija(ξ)jkdy]
∥∥∥∥∥∥
q
Lp
=
∞∑
s=0
2swq
∥∥∥∥∥∥
∑
2s≤〈η〉<2s+1
dη∑
u,v=1
dη[η(x)uv
∫
G
η(y)∗vudξξ(y)ija(ξ)jkdy]
∥∥∥∥∥∥
q
Lp
=
∞∑
s=0
2swq
∥∥∥∥∥∥
∑
2s≤〈η〉<2s+1
dη∑
u,v=1
dη[η(x)uv
∫
G
η(y)uvdξξ(y)ija(ξ)jkdy]
∥∥∥∥∥∥
q
Lp
=
∞∑
s=0
2swq
∥∥∥∥∥∥
∑
2s≤〈η〉<2s+1
dη∑
u,v=1
dη[η(x)uvdξa(ξ)jk〈ξij, ηuv〉L2(G)]
∥∥∥∥∥∥
q
Lp
=
∞∑
s=0
2swq
∥∥∥∥∥∥
∑
2s≤〈η〉<2s+1
dη∑
u,v=1
dη[η(x)uvdξa(ξ)jkd
−1/2
ξ d
−1/2
η δ(ξ,i,j),(η,u,v)]
∥∥∥∥∥∥
q
Lp
.
Let us chose the most smallest sξ ∈ N such that 2
sξ ≤ 〈ξ〉 < 2sξ+1, considering
that δ(ξ,i,j),(η,u,v) = 1 only if ξ = η, u = i and v = j and δ(ξ,i,j),(η,u,v) = 0 in other
case, we obtain
‖Hξ,i,j,k‖Bwp,q = 2
sξwdξ‖ξij‖Lp|a(ξ)jk|.
Since the Lp norm of ξij can be estimate by d
−ε(p)
ξ for 1 < p < ∞ and by
considering that 2sξ ≤ 〈ξ〉 < 2sξ+1 we get
‖Hξ,i,j,k‖Bwp,q ≤ 〈ξ〉
w|a(ξ)jk|d
1−ε(p)
ξ .
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If 1 < p < q < ∞ and w = n(1
p
− 1
q
), we have the embedding Bwp,q →֒ L
q and we
get,
‖Gξ,i,j,k‖(Bwp,q)
′ = sup
‖f‖Bwp,q=1
|f̂(ξ)ki| ≤ sup
‖f‖Bwp,q=1
|
∫
G
ξ(x)∗kif(x)dx|
≤ sup
‖f‖Bwp,q=1
‖ξ∗ki‖Lq′‖f‖Lq . sup
‖f‖Bwp,q=1
d
−ε(q′)
ξ ‖f‖Lq
≤ sup
‖f‖Bwp,q=1
d
−ε(q′)
ξ ‖f‖Bwp,q
= d
−ε(q′)
ξ .
Now we estimate (2.12) as follows.
∑
[ξ]∈Gˆ
dξ∑
i,j,k=1
‖Hξ,i,j,k‖
r
Bwp,q
‖Gξ,i,j,k‖
r
(Bwp,q)
′ .
∑
[ξ]∈Gˆ
dξ∑
i,j,k=1
〈ξ〉wr|a(ξ)jk|
rd
r(1−ε(p)−ε(q′))
ξ
.
∑
[ξ]∈Gˆ
dξ∑
j,k=1
〈ξ〉wr|a(ξ)jk|
rd
1+r(1−ε(p)−ε(q′))
ξ
≤
∑
[ξ]∈Gˆ
〈ξ〉wr‖a(ξ)‖rlrd
1+r(1−ε(p)−ε(q′))
ξ <∞.
If we consider 1 ≤ p < ∞ and q = 1 we have the embedding Bwp,1 →֒ L
∞ for
w = n
p
, and taking into account that ‖ξki‖L∞ ≤ 1 we deduce the estimates
‖Hξ,i,j,k‖Bwp,1 ≤ 〈ξ〉
w|a(ξ)jk|d
1−ε(p)
ξ , ‖Gξ,i,j,k‖(Bwp,1)
′ ≤ sup
B
n
p
p,∞=1
‖ξ∗ki‖L∞‖f‖L∞ . 1.
So, we have
∑
[ξ]∈Gˆ
dξ∑
i,j,k=1
‖Hξ,i,j,k‖
r
Bwp,1
‖Gξ,i,j,k‖
r
(Bwp,1)
′ .
∑
[ξ]∈Gˆ
〈ξ〉wr‖a(ξ)‖rlrd
1+r(1−ε(p))
ξ <∞.
The case where 1 < p ≤ 2 we have the embedding Bwp,p →֒ H
w,p, for every w ∈ R.
In particular, with w = 0 we have the estimates
∑
[ξ]∈Gˆ
dξ∑
i,j,k=1
‖Hξ,i,j,k‖
r
B0p,p
‖Gξ,i,j,k‖
r
(B0p,p)
′ .
∑
[ξ]∈Gˆ
‖a(ξ)‖rlrd
1+r(1− 1
2
− 1
p′
)
ξ
.
∑
[ξ]∈Gˆ
‖a(ξ)‖rlrd
1+r( 1
p
− 1
2
)
ξ <∞.
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Now, for q = 2 ≤ p <∞ we use the embedding B0p,2 →֒ H
0,p in order to obtain
∑
[ξ]∈Gˆ
dξ∑
i,j,k=1
‖Hξ,i,j,k‖
r
B0p,2
‖Gξ,i,j,k‖
r
(B0p,2)
′ .
∑
[ξ]∈Gˆ
‖a(ξ)‖rlrd
1+r(1− 1
p
− 1
2
)
ξ
.
∑
[ξ]∈Gˆ
‖a(ξ)‖rlrd
1+r( 1
2
− 1
p
)
ξ <∞.
So, in every specific case, we have proved that Ta is nuclear onB
w
p,q and therefore
on every Bwp,1 with w ∈ R. Now, we compute the nuclear trace of Ta. Since B
w
p,q
has the approximation property, we deduce that the nuclear trace of Ta is well
defined, this means that it can be computed from any nuclear decomposition. So
we get
Tr(Ta) =
∑
[ξ],i,j,k
Gξ,i,k(Hξ,i,j,k) =
∑
[ξ],i,j,k
F (Hξ,i,j,k)(ξ)k,i.
By using the definition of Fourier transform, we obtain
F (Hξ,i,j,k)(ξ) =
∫
G
dξξ(x)
∗ξ(x)i,ja(ξ)j,kdx.
Hence
F (Hξ,i,j,k)(ξ)ki =
∫
G
dξξ(x)
∗
k,iξ(x)i,ja(ξ)j,kdx.
Using this fact, we deduce that
Tr(Ta) =
∑
[ξ],i,j,k
dξ
∫
G
ξ(x)∗k,iξ(x)i,ja(ξ)j,kdx
=
∑
[ξ]∈Ĝ
dξ
∫
G
dξ∑
i,j,k=1
ξ(x)∗k,iξ(x)i,ja(ξ)j,kdx
=
∑
[ξ]∈Ĝ
dξ
∫
G
Tr[ξ(x)a(ξ)ξ(x∗)]
=
∑
[ξ]∈Ĝ
dξTr[a(ξ)].
Thus, we end the proof. 
Remark 2.5. Now, we discuss the theorem above in relation with results in L2
spaces. We observe that the result obtained when p = q = 2 in the condition (3)
of Theorem 2.4, is most weak that Theorem 3.1 of [11] where the condition∑
[ξ]∈Gˆ
‖a(ξ)‖rSrdξ <∞,
is imposed in terms of the r-Schatten seminorm ‖a(ξ)‖Sr in order to obtain r-
nuclearity. It was mentioned in 2.4 that such condition is also necessary for the
r-nuclearity of Ta. There exists two cases where both results are equivalent. One
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is, the case where the operator Ta : C
∞(G) → C∞(G) is formally self-adjoint.
In fact, with such condition in mind, one can to assume that the corresponding
symbol a(ξ) is diagonal by choosing a suitable basis in the representations spaces.
In a such case, ‖a(ξ)‖lr = ‖(ξ)‖Sr . The other case arises when G = T
n is some
n-dimensional torus, where Ĝ = Zn and for every ξ ∈ Zn, ‖a(ξ)‖lr = ‖(ξ)‖Sr =
|a(ξ)|. It is important to mention that the trace formula obtained above coincides
with ones for r-Fourier multiplier in Lp spaces obtained in [11, 12].
We end this section with the following two examples on the nuclearity of suit-
able powers of the Bessel’s potential and the heat operator.
Example 2.6. Let G be a compact Lie group, LG be the Laplace-Beltrami op-
erator on G and n = dim(G). We note that as consequence of Theorem 2.4, if
α > n and 1 < p ≤ 2, the operator Ta = (1 − LG)
−α
2 is nuclear on Bwp,1(G) for
all −∞ < w <∞. Indeed, this operator has symbol a(ξ) satisfying the condition
(3) of Theorem 2.4 and as consequence we get∑
[ξ]∈Gˆ
dξ‖a(ξ)‖l1 :=
∑
[ξ]∈Gˆ
d2ξ〈ξ〉
−α <∞.
In this case
Tr[(1− LG)
−α
2 ] =
∑
[ξ]∈Ĝ
d2ξ〈ξ〉
−α.
Example 2.7. For t > 0 the heat operator is defined by e−tLG and its symbol is
given by at(ξ) = e
−tλ[ξ]Idξ . Clearly this symbol satisfies the hypotheses of Theorem
2.4, and Ta = e
−tLG is a nuclear operator on Bwp,1(G) for all −∞ < w < ∞. For
the heat operator, the nuclear trace is
Tr[e−tLG ] =
∑
[ξ]∈Ĝ
d2ξe
−tλ[ξ] .
3. r-nuclear pseudo-differential operator on periodic Besov
spaces
In this section we present our results on the r-nuclearity of pseudo-differential
operators on periodic Besov spaces. We use the notation of periodic pseudo-
differential operators as developed in [40]. Let us denote by S(Zn) the Schwartz
space of functions φ : Zn → C such that
∀M ∈ R, ∃CM > 0, |φ(ξ)| ≤ CM〈ξ〉
M , (3.1)
where 〈ξ〉 = (1 + |ξ|2)
1
2 . The toroidal Fourier transform is defined, for any f ∈
C∞(Tn), by f̂(ξ) =
∫
e−i2pi〈x,ξ〉f(x)dx, where ξ ∈ Zn, and the inversion formula
is given by f(x) =
∑
ei2pi〈x,ξ〉û(ξ), for x ∈ Tn. The periodic Ho¨rmander class
Smρ,δ(T
n × Rn), 0 ≤ ρ, δ ≤ 1, consists of those functions a(x, ξ) which are smooth
in (x, ξ) ∈ Tn × Rn and which satisfy toroidal symbols inequalities
|∂βx∂
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (3.2)
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Symbols in Smρ,δ(T
n × Rn) are symbols in Smρ,δ(R
n × Rn) (see [40]) of order m
which are 1-periodic in x. If a(x, ξ) ∈ Smρ,δ(T
n × Rn), the corresponding pseudo-
differential operator is defined by
Tau(x) =
∫
Tn
∫
Rn
ei2pi〈x−y,ξ〉a(x, ξ)u(y)dξdy. (3.3)
The set Smρ,δ, ν,µ(T
n×Zn), 0 ≤ ρ, δ ≤ 1, ν, µ ∈ N, consists of those functions a(x, ξ)
which are smooth in x for all ξ ∈ Zn and which satisfy
|∆αξ ∂
β
xa(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|, |α| ≤ ν, |β| ≤ µ. (3.4)
The operator ∆ is the difference operator defined in [40]. The toroidal operator
with symbol a(x, ξ) is defined as
a(x,Dx)u(x) =
∑
ξ∈Zn
ei2pi〈x,ξ〉a(x, ξ)û(ξ), u ∈ C∞(Tn). (3.5)
Besov spaces have been introduced in Section 2 for general compact Lie groups.
Now we present this notion for the toroidal case; let w ∈ R, 0 < q < ∞ and
0 < p ≤ ∞. If f is a measurable function on Tn, we say that f ∈ Bwp,q(T
n) if f
satisfies
‖f‖Bwp,q :=
 ∞∑
m=0
2mwq‖
∑
2m≤|ξ|<2m+1
ei2pix·ξf̂(ξ)‖qLp(Tn)
 1q <∞. (3.6)
If q =∞, Bwp,∞(T
n) consists of those functions f satisfying
‖f‖Bwp,∞ := sup
m∈N
2mw‖
∑
2m≤|ξ|<2m+1
ei2pixξf̂(ξ)‖Lp(Tn) <∞. (3.7)
In the case of p = q =∞ and 0 < w < 1 = n we obtain Bw∞,∞(T) = Λ
w(T), that
is the Ho¨lder space of order ω; these are Banach spaces together with the norm
‖f‖Λw = sup
x,h∈T
|f(x+ h)− f(x)||h|−w + sup
x∈T
|f(x)|.
For 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞, Bwp,q(T
n) are Banach spaces. Moreover, if w ∈ R
we have the identity of Hilbert spaces Hw2,2(T
n) = Br2,2(T
n) of Besov spaces with
Sobolev spaces. When studying the orders of periodic pseudo-differential opera-
tors, estimates for the Fourier coefficients of symbols are useful, and therefore we
present an auxiliary result on this subject.
Lemma 3.1. Let 0 ≤ ρ, δ ≤ 1. Assume that a ∈ Smρ,δ,u,2k(T
n × Zn). Let â(η, ·) be
the Fourier transform of the symbol with respect to x, i.e., the Fourier transform
of the smooth function x 7→ a(x, ·). Then, for every k ∈ N we have
|â(η, ξ)| ≤ C〈η〉−2k〈ξ〉m+δ|2k|. (3.8)
Proof. The proof can be found in [40], Lemma 4.2.1. 
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With notation above, we present our results on the r−nuclearity of periodic
pseudo-differential operators. We reserve the notation A . B if there exists c > 0
independent of A and B such that A ≤ c · B. The conjugate exponent p′ of p,
1 ≤ p ≤ ∞ is defined by 1/p+1/p′ = 1. Our starting point is the following result
(Theorem 6.2 of [38]).
Lemma 3.2. Let 1 < p1 ≤ 2, α > 0, n ∈ N and β = (α+
1
p′1
)−1. If w1 = αn then
the Fourier transform is a bounded operator from Bαnp1,β(T
n) into Lβ(Zn).
By using the lemma above, we obtain the following result on the r-nuclearity
of pseudo-differential operators on periodic Besov spaces.
Theorem 3.3. Let 0 < r ≤ 1, 0 < α ≤ 1
2
, 0 ≤ ρ, δ ≤ 1, and k > n
2
, k ∈ N. Let
us consider a ∈ Smρ,δ,0,2k(T
n × Zn). Under the following conditions,
• w1 = α · n, 1 < p1 ≤ 2, q1 = (α+
1
p′1
)−1.
• 0 ≤ w2 < 2k − n, m < −
n
r
− w2 − δ(2k), 1 ≤ p2 ≤ ∞, 1 ≤ q2 ≤ ∞,
the pseudo-differential operator Ta : B
w1
p1,q1
(Tn)→ Bw2p2,q2(T
n) is r-nuclear.
Proof. We begin by writing
Taf(x) =
∑
ξ∈Zn
ei2pix·ξa(x, ξ)f̂(ξ) =
∑
ξ∈Zn
Gξ(f)Hξ(x), (3.9)
where Hξ(x) = e
i2pixξa(x, ξ) and Gξ(f) = f̂(ξ). By Lemma 3.2, for every ξ ∈ Z
n
we have
‖Gξ‖(Bw1p1,q1 )′
= sup{|Gξ(f)| : ‖f‖Bw1p1,q1
= 1}
= sup{|f̂(ξ)| : ‖f‖Bw1p1,q1
= 1}
≤ sup{‖f̂‖Lβ(Zn) : ‖f‖Bw1p1,q1
= 1}
. 1.
Now, if 1 ≤ q2 <∞ we observe that
‖Hξ‖
q2
B
w2
p2,q2
=
∞∑
s=0
2sw2q2‖
∑
2s≤|η|<2s+1
ei2piηyĤξ(η)‖
q2
Lp2 ,
where
Ĥξ(η) =
∫
Tn
e−i2pixηei2pixξa(x, ξ)dx
= â(η − ξ, ξ).
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Hence, we have
‖Hξ‖Bw2p2,q2
≤
 ∞∑
s=0
2sw2q2
 ∑
2s≤|η|<2s+1
|â(η − ξ, ξ)|
q21/q2
≤
 ∞∑
s=0
 ∑
2s≤|η|<2s+1
|η|w2|â(η − ξ, ξ)|
q21/q2
= ‖F‖Lq2 (N)
where F is the sequence on N given by
F (s) =
∑
2s≤|η|<2s+1
|η|w2|â(η − ξ, ξ)|.
Since L1(N) ⊂ Lq2(N) is a continuous inclusion, we have ‖F‖Lq2 . ‖F‖L1 . Hence,
‖Hξ‖Bw2p2,q2
.
∞∑
s=0
∑
2s≤|η|<2s+1
|η|w2|â(η − ξ, ξ)|
≤
∑
η∈Zn
|η|w2|â(η − ξ, ξ)|.
If q2 =∞, by definition of Besov norm we have
‖Hξ‖Bw2p2,q2
= sup
s∈N
2sw2‖
∑
2s≤|η|<2s+1
ei2piηyĤξ(η)‖Lp2
= sup
s∈N
2sw2‖
∑
2s≤|η|<2s+1
ei2piηy â(η − ξ, ξ)‖Lp2
≤ sup
s∈N
2sw2
∑
2s≤|η|<2s+1
|â(η − ξ, ξ)|
≤ sup
s∈N
∑
2s≤|η|<2s+1
|η|w2|â(η − ξ, ξ)|
≤
∑
η∈Zn
|η|w2|â(η − ξ, ξ)|.
Now, by Lemma 3.1 we have |â(η − ξ, ξ)| ≤ C〈η − ξ〉−2k〈ξ〉m+δ(2k). On the other
hand, by Peetre’s inequality (Proposition 3.3.31 of [40]) we can write
|η|w2 . 〈η〉w2 . 〈η − ξ〉w2〈ξ〉w2
From this, for all 1 ≤ q2 ≤ ∞ we obtain,
‖Hξ‖Bw2p2,q2
≤
∑
η∈Zn
〈η − ξ〉w2−2k〈ξ〉w2+m+δ(2k)
= 〈ξ〉w2+m+δ(2k)
∑
η∈Zn
〈η〉w2−2k.
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From the condition 0 ≤ w2 < 2k − n we deduce the convergence of the series∑
η∈Zn
〈η〉w2−2k.
Hence, we have∑
ξ∈Zn
‖Hξ‖
r
B
w2
p2,q2
‖Gξ‖
r
(B
w1
p1,q1
)′
.
∑
ξ∈Zn
〈ξ〉r(w2+m+δ(2k)) <∞. (3.10)
Since 0 < α ≤ 1
2
, we deduce that q1 ≥ 1. Hence B
w1
p1,q1
is a Banach space. So,
Ta : B
w1
p1,q1
(Tn)→ Bw2p2,q2(T
n) is a r-nuclear operator. 
In the previous theorem the r-nuclearity has been established for w2 ≥ 0. In
the following theorem we provide an analysis of the problem for w2 < 0.
Theorem 3.4. Let 0 ≤ δ, ρ ≤ 1, and 0 < α ≤ 1
2
. If a ∈ Smρ,δ,0,2k, under the
following conditions
• w1 = α · n, 1 < p1 ≤ 2, q1 = (α+
1
p′1
)−1,
• −∞ < w2 < −
n
2
, 1 ≤ p2, q2 ≤ ∞, m ≤ −δ(2k), k > n/4,
the operator Ta : B
w1
p1,q1
→ Bw2p2,q2 is nuclear. Moreover, if we assume
• w1 = α · n, 1 < p1 ≤ 2, q1 = (α+
1
p′1
)−1,
• w2 ≤ 0, 1 ≤ p2, q2 ≤ ∞, m < −
n
r
− δ(2k), k > n/2,
the operator Ta is r-nuclear for all 0 < r ≤ 1.
Proof. From the proof of Theorem 3.3, we have that ‖Gξ‖Bw1p1,q1
. 1 and
‖Hξ‖Bw2p2,q2
.
∞∑
s=0
∑
2s≤|η|<2s+1
|η|w2|â(η − ξ, ξ)|
≤
∑
η 6=0
|η|w2|â(η − ξ, ξ)|.
If −∞ < w2 < −n/2, we deduce that
‖Hξ‖Bw2p2,q2
.
∑
η∈Zn
〈η〉w2|â(η − ξ, ξ)|
.
∑
η∈Zn
〈η〉w2〈η − ξ〉−2k〈ξ〉m+δ(2k)
= 〈ξ〉m+δ(2k)[〈 · 〉w2 ∗ 〈 · 〉−2k](ξ).
By the Young’s inequality, 〈η〉w2 ∈ L2(Z) and 〈η〉−2k ∈ L2(Z) implies that
〈 · 〉w2 ∗ 〈 · 〉−2k ∈ L1(Z).
With this in mind, using the fact that ‖Gξ‖Bw1p1,q1
. 1, and the condition m ≤
−δ(2k) we obtain∑
ξ∈Zn
‖Hξ‖Bw2p2,q2
‖Gξ‖(Bw1p1,q1 )′
.
∑
ξ∈Zn
[〈 · 〉w2 ∗ 〈 · 〉−2k](ξ) <∞. (3.11)
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This inequality implies the nuclearity of Ta. Now, we will treat the case w2 ≤ 0,
k > n/2. In fact, we have
‖Hξ‖Bw2p2,q2
.
∑
η∈Zn
〈η〉w2|â(η − ξ, ξ)|
.
∑
η∈Zn
〈η − ξ〉−2k〈ξ〉m+δ(2k)
. 〈ξ〉m+δ(2k)
Thus, ∑
ξ∈Zn
‖Hξ‖
r
B
w2
p2,q2
‖Gξ‖
r
(B
w1
p1,q1
)′
.
∑
ξ∈Zn
〈ξ〉r(m+δ·2k) <∞. (3.12)
This proves the r−nuclearity of Ta when m < −
n
r
− δ · 2k. 
In order to get r-nuclearity of operators from Ho¨lder into Besov spaces, we
recall the following lemma (see [5, 42, 43].)
Lemma 3.5. Let 1 ≤ p ≤ 2 and let sp = 1/p− 1/2. Then, the Fourier transform
f 7→ Ff from Λs(T) into Lp(T) is a bounded operator for all s, sp < s < 1. In
particular, if p = 1 we obtain the Bernstein Theorem.
Now we study the r-nuclearity of periodic operators from Ho¨lder spaces (resp.
Lebesgue) into Besov spaces.
Theorem 3.6. Let 0 < r ≤ 1, 0 ≤ ρ, δ ≤ 1, and k > n
2
, k ∈ N. Let us consider
a ∈ Smρ,δ,0,2k(T
n × Zn). Under the following conditions,
• X(n) = Lp(Tn), 1 ≤ p ≤ 2 or X(1) = Bs∞,∞(T
1), 0 < s < 1.
• 0 ≤ w2 < 2k − n, m < −
n
r
− w2 − δ(2k), 1 ≤ p2 ≤ ∞, 1 ≤ q2 ≤ ∞,
the pseudo-differential operator Ta : X
(n) → Bw2p2,q2(T
n) is r-nuclear.
Proof. If we assume that X := X(Tn) is a Banach space of periodic functions
with the property that ‖f̂‖L∞(Zn) ≤ C‖f‖X(Tn), then we obtain
‖Gξ‖X′ := sup
‖f‖X=1
|f̂(ξ)| ≤ C.
Now, we note that in the following cases, X has the mentioned property:
• X = L1(Tn). (As a consequence of ‖f̂‖L∞ ≤ ‖f‖L1.)
• X = Lp(Tn), 1 < p ≤ 2. (Hausdorff-Young Inequality).
• X = Λs(T1) = Bs∞,∞(T), 0 < s < 1. In fact, by Lemma 3.5, if p > (s+
1
2
)−1
then
‖f̂‖Lp . ‖f‖Λs.
Hence ∑
ξ∈Zn
‖Hξ‖
r
B
w2
p2,q2
‖Gξ‖
r
(X)′ .
∑
ξ∈Zn
Cr〈ξ〉r(w2+m+δ(2k)) <∞. (3.13)
As a consequence of this, we obtain the r-nuclearity of Ta : X → B
w2
p2,q2, where
0 ≤ w2 < 2k − n, m < −
n
r
− w2 − δ(2k), 1 ≤ p2 ≤ ∞ and 1 ≤ q2 ≤ ∞. 
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We end this section with the following result on r-nuclearity of periodic oper-
ators on Ho¨lder spaces.
Corollary 3.7. Let 0 < r ≤ 1, 0 < s,w < 1, and 0 ≤ ρ, δ ≤ 1. Let us assume
that a ∈ Smρ,δ,0,2(T × Z). If m < −
1
r
− w − 2δ, then Ta : Λ
s(T) → Λw(T) is a
r-nuclear operator.
Proof. Let us apply Theorem 3.6 with X(1) = Bs∞,∞(T) = Λ
s(T), k = 1, and
w2 = w. 
4. Trace formulae for r-nuclear pseudo-differential operators
on Besov spaces
In this section we provide trace formulae for r-nuclear operators on periodic
Besov spaces. We recall the following result due to Grothendieck (see [22]).
Theorem 4.1. Let E be a Banach space and T : E → E be a 2
3
-nuclear operator.
Then the nuclear trace agrees with the sum of the eigenvalues λn(T ) of T, (with
multiplicities counted).
Using this result we have our first Grothendieck-Lidskii trace formula for r-
nuclear operators on periodic Besov spaces:
Theorem 4.2. Let 0 < r ≤ 2
3
, 0 < α ≤ 1
2
, 0 ≤ ρ, δ ≤ 1, and k > n
2
, k ∈ N. Let
us consider a ∈ Smρ,δ,0,2k(T
n × Zn). Under the following conditions,
• 0 < w1 = α · n < 2k − n, 1 < p1 ≤ 2, q1 = (α+
1
p′1
)−1.
• m < −n
r
− w1 − δ(2k),
the pseudo-differential operator Ta : B
w1
p1,q1
→ Bw1p1,q1 is r-nuclear and the trace of
T, is given by
Tr(Ta) =
∑
ξ∈Zn
∫
Tn
a(x, ξ)dx =
∑
n
λn(Ta) (4.1)
where λn(Ta) is the sequence of eigenvalues of Ta with multiplicities taken into
account.
Proof. We observe that by Theorem 3.3, the operator Ta is r−nuclear. Let us
denote by λn(Ta) the sequence of eigenvalues of Ta with multiplicities taken into
account. Since 0 < r ≤ 2
3
, from the Theorem 4.1 we obtain∑
n
λn(Ta) =Tr(Ta) =
∑
ξ∈Zn
Gξ(Hξ)
=
∑
ξ∈Zn
Ĥξ(ξ) =
∑
ξ∈Zn
â(0, ξ) =
∑
ξ∈Zn
∫
Tn
a(x, ξ)dx.

Corollary 4.3. Let 0 < r ≤ 1, 0 < α ≤ 1
2
, 0 ≤ ρ, δ ≤ 1, and k > n
2
, k ∈ N. Let
us consider a ∈ Smρ,δ,0,2k(T
n × Zn). Under the following conditions,
• 0 < w1 = α · n < 2k − n, 1 < p1 ≤ 2, q1 = (α+
1
p′1
)−1.
• m < −n
r
− w1 − δ(2k),
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the pseudo-differential operator Ta : B
w1
p1,q1 → B
w1
p1,q1 is r-nuclear and the trace of
Ta, is given by
Tr(Ta) =
∑
ξ∈Zn
∫
Tn
a(x, ξ)dx. (4.2)
Proof. By Theorem 3.3 Ta is a r-nuclear operator. The trace formula (4.2) now
follows from Theorem 2.2. 
In order to prove our next trace formula, we use the following result by O. Reinov
and Q. Latif, which extends the Grothendieck-Lidskii trace formula for r ∈ (2
3
, 1]
(see [36]).
Theorem 4.4. Let Y be a subspace of an Lp(µ) space, 1 ≤ p ≤ ∞. Assume
that T is a r-nuclear operator on Y, where 1/r = 1 + |1/2 − 1/p|. Then, the
(nuclear) trace of T is well defined, the sequence of eigenvalues λn(T ) of T (with
multiplicities counted) is summable and
Tr(T ) =
∑
n
λn(T ). (4.3)
Notice that as a consecuence of Theorem 3.3, if a ∈ Smρ,δ,0,2k(T
n × Zn), r = 1,
1 < p1 < 2, α =
1
p1
− 1
2
, and w1, m are index satisfying the conditions stated
there, the pseudo-differential operator Ta : B
w1
p1,q1
(Tn) → Bw2p2,q2(T
n) is nuclear. It
follows from Theorem 5.2 of [38] that Y = Bω1p1,2 is a subspace of L
2(Tn) . By
applying Theorem 4.4 (with p = 2, Y = Bω1p1,2 and r = 1), we conclude that (4.3)
holds for T = Ta. From the Theorem 2.2, we have that
Tr(Ta) =
∑
ξ∈Zn
∫
Tn
a(x, ξ)dx =
∑
n
λn(Ta).
Thus, we summarize this facts in the following
Theorem 4.5. Let 1 < p1 < 2 and α =
1
p1
− 1
2
. Let 0 ≤ ρ, δ ≤ 1, and k > n
2
,
k ∈ N. Let us consider a ∈ Smρ,δ,0,2k(T
n × Zn). Under the following conditions,
• 0 < w1 = α · n < 2k − n.
• m < −n− w1 − δ(2k),
The operator Ta is nuclear on B
ω1
p1,2 and
Tr(Ta) =
∑
ξ∈Zn
∫
Tn
a(x, ξ)dx =
∑
n
λn(Ta).
The sequence λn(Ta) is conformed by the eigenvalues of Ta with multiplicities
counted.
5. Trace formulae for Fourier multipliers on the torus
In this section we provide trace formulae for r-nuclear Fourier multipliers on
periodic Besov spaces. We denote by Sm0 (T
n×Zn) the set of functions a : Zn → C
satisfying |a(ξ)| ≤ C〈ξ〉m.
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Theorem 5.1. Let 0 < r ≤ 2
3
, and let 0 < α ≤ 1
2
. Let us consider a(ξ) ∈
Sm0 (T
n × Zn). Under the following conditions,
• 1 < p1 ≤ 2, q1 = (α +
1
p′1
)−1,
• m < −n
r
− α · n,
the Fourier multiplier Ta : B
w
p1,q1
→ Bwp1,q1 is r-nuclear for every w ∈ R and the
trace of T, is given by
Tr(Ta) =
∑
ξ∈Zn
a(ξ) =
∑
n
λn(Ta) (5.1)
where λn(Ta) is the sequence of eigenvalues of Ta with multiplicities taken into
account.
Proof. We observe that by Theorem 3.3, the operator Ta is r−nuclear onB
α·n
p1,q1
(Tn)
with 0 < α · n < 2k − n. By using Theorem 2.3 we extend this result to every
w ∈ R. Now, if we denote by λn(Ta) the sequence of eigenvalues of Ta with mul-
tiplicities taken into account and considering 0 < r ≤ 2
3
, from the Theorem 4.1
we obtain ∑
n
λn(Ta) =Tr(Ta) =
∑
ξ∈Zn
Gξ(Hξ)
=
∑
ξ∈Zn
Ĥξ(ξ) =
∑
ξ∈Zn
â(0, ξ) =
∑
ξ∈Zn
a(ξ).

An immediate consequence of the Theorem above is the following.
Corollary 5.2. Let 0 < r ≤ 1, and let 0 < α ≤ 1
2
. Let us consider a(ξ) ∈
Sm0 (T
n × Zn). Under the following conditions,
• 1 < p1 ≤ 2, q1 = (α +
1
p′1
)−1.
• m < −n
r
− α · n,
the Fourier multiplier Ta : B
w
p1,q1
→ Bwp1,q1 is r-nuclear for every w ∈ R and the
nuclear trace of Ta, is given by
Tr(Ta) =
∑
ξ∈Zn
a(ξ). (5.2)
Proof. By Theorem 3.3 Ta is a r-nuclear operator. The trace formula (4.2) now
follows from Theorem 2.2. 
Now we present the following result which can be proved by using similar
arguments as above.
Theorem 5.3. Let 1 < p1 < 2 and α =
1
p1
− 1
2
. Let us consider a(ξ) ∈ Sm0 (T
n ×
Z
n). If m < −n − α · n, the Fourier multiplier Ta is a nuclear operator on B
w
p1,2
for every w ∈ R and
Tr(Ta) =
∑
ξ∈Zn
a(ξ) =
∑
n
λn(Ta).
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The sequence λn(Ta) is conformed by the eigenvalues of Ta with multiplicities
counted.
Remark 5.4. Now, we discuss our main results in the periodic case. Theorem 3.3,
if we consider smooth symbols (i.e with derivatives of arbitrary order), we obtain
the r-nuclearity in Besov spaces of pseudo-differential on the torus Tn, associated
to symbols of order less that −n
r
, and some conditions of the parameters pi, qi
and on wi. This is a expected fact, in analogy with some results by Ruzhansky
and Delgado in Lp spaces (c.f. [11, 12, 13, 14]). The conclusion above is same
for Theorem 3.4. Also, it is important to mention that trace formulae obtained
in the last two sections are versions in Besov spaces of ones obtained by Delgado
and Wong in Lp spaces [9].
We end this section with the following examples where, by using results above
we compute the trace of the heat kernel and suitable powers of the Bessel potential
on periodic Besov spaces.
Example 5.5. Let LTn be the Laplacian on the torus T
n, for every s ∈ R, the
Bessel potential of order s denoted by (I − LTn)
s is the periodic operator with
symbol as(x, ξ) = 〈ξ〉
s. If 0 < r ≤ 1, and 0 < α ≤ 1
2
, by using Corollary 4.3,
under the following conditions,
• α > 0, 1 < p1 ≤ 2, q1 = (α+
1
p′1
)−1, and m < −n
r
− α · n,
the operator (I−LTn)
−m
2 with symbol a(ξ) = 〈ξ〉−m ∈ S−m1,0 (T
n×Zn) is r-nuclear
on every Bw1p1,q1 and its trace is given by
Tr((I −LTn)
−m
2 ) =
∑
ξ∈Zn
〈ξ〉−m. (5.3)
Example 5.6. If t > 0, the heat kernel e−tLTn is the operator with symbol
at(x, ξ) = e
−t|ξ|2 ∈ S−∞1,0 (T
n×Zn). Newly, by Corollary 4.3, if w1, p1 and q1 satisfy
the condition above, e−tLTn is a r−nuclear operator on Bw1p1,q1 and its trace is given
by
Tr(e−tLTn ) =
∑
ξ∈Zn
e−t|ξ|
2
. (5.4)
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